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0. Introduction
We assume that spaces are regular T1, and maps are continuous surjections.
Symmetric spaces are classical and important spaces as a generalization of metric spaces. Symmetric spaces have the
topology induced by a distance function which satisﬁes the symmetry, but need not satisfy the triangle inequality. Not every
product of a countable symmetric ℵ0-space with a countable metric space is symmetric; see [21], etc. While, a space X is
locally compact symmetric if and only if X × Y is symmetric for every symmetric space Y [22].
Let X and Y be symmetric spaces. In terms of their balls, we shall give characterizations for the product X × Y to be
symmetric under X and Y having certain k-networks, or Y being semi-metric.
A space X is symmetric (or symmetrizable [1]), if there exists a non-negative real valued function d deﬁned on X × X
satisfying: (a) d(x, y) = 0 iff x = y; (b) d(x, y) = d(y, x); and (c) U ⊂ X is open in X iff, for each x ∈ U , there exists a ball (or
sphere) Sn(x) ⊂ U for some n ∈ N , where Sn(x) = {y ∈ X: d(x, y) < 1/n}. (c) means that F ⊂ X is closed in X iff, for each
x /∈ F , some Sn(x) does not meet F . A space X is semi-metric (or semi-metrizable) if there exists a non-negative real valued
function d satisfying (a), (b), and (c)′ for A ⊂ X , x ∈ cl A iff d(x, A) = 0. We note that a symmetric space X is semi-metric if
and only if each x ∈ X has a local base {int Sn(x): n ∈ N}.
For a symmetric (respectively semi-metric) space X having some (compatible) symmetric (respectively semi-metric) d,
let us say simply that (X,d) is symmetric (respectively semi-metric) in this paper.
Let us recall that a space X is quasi-metric (or quasi-metrizable; Δ-metrizable [16]), if there exists a non-negative real
valued function d satisfying (a), (c), and the triangle inequality, d(x, y) d(x, z) + d(z, y) instead of (b). All balls are open
in quasi-metric spaces, but they need not be open in semi-metric spaces. The class of semi-metric spaces or quasi-metric
E-mail address: ytanaka@u-gakugei.ac.jp.0166-8641/$ – see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2008.11.010
Y. Tanaka / Topology and its Applications 156 (2009) 926–931 927spaces is countably productive and hereditary, but the class of symmetric spaces is neither ﬁnitely productive nor hereditary.
For symmetric spaces and quasi-metric spaces, see [5,16], etc.
For a space X and a cover P of X , X is determined by P [6], if X has the weak topology with respect to P [2]; that is,
G ⊂ X is open in X iff G ∩ P is open in P for every P ∈ P . We can replace “open” by “closed”. We call such a cover P
a determining cover [28] (or [14]). Obviously, every open cover is a determining cover.
A space X is a sequential space (respectively k-space) if X has a determining cover by compact metric sets (respectively
compact sets). We can replace “compact metric sets” by “convergent sequences”, where a convergent sequence means the
union of the sequence and its limit point. A space X is Fréchet (or Fréchet–Uryshon) if, whenever x ∈ A, then there exists
a sequence in A converging to the point x.
Symmetric spaces or Fréchet spaces are sequential. Sequential spaces are k-spaces.
A cover P of a space X is a k-network [17] if, whenever K ⊂ U with K compact and U open in X , then K ⊂⋃F ⊂ U
for some ﬁnite F ⊂ P .
If K is a single point, such a cover P is a network (or net). Obviously, every base is a k-network.
A space X is an ℵ-space [17] (respectively ℵ0-space [15]) if X has a σ -locally ﬁnite k-network (respectively countable
k-network). If we omit the preﬁx “k-”, then such a space is a σ -space (respectively cosmic space [15]).
A cover P of X is a cs-network [7] (respectively cs∗-network [3]) if, whenever L = {xn: n ∈ N} is a sequence converging
to a point x ∈ X such that L ∪ {x} ⊂ U with U open in X , then for some P ∈ P , x ∈ P ⊂ U , and P contains L eventually
(i.e., P contains some {xn: n m}) (respectively P contains some subsequence {xnm: m ∈ N}). Every closed k-network (i.e.,
k-network consisting of closed sets) is a cs∗-network. For surveys on k-networks, see [9] and [27], for example.
We conclude this introduction by recording fundamental facts which will be used later on. In Fact A, (1) is obvious. (2) is
routinely shown (or see [1] or [5]), and (3) holds by (2). Fact B is a classical result; see [1] (or [16]), etc.
Fact A. Let (X,d) be a symmetric space. Then the following hold.
(1) If A is closed or open in X, then (A,d|A) is symmetric, where d|A is the restriction of d on A.
(2) For a sequence L in X, L converges to x ∈ X if and only if any Sn(x) contains L eventually.
(3) (X,d) is semi-metric if and only if X is Fréchet.
Fact B. Every countably compact symmetric space is metric.
1. Lemmas
Lemma 1.1. Let (X,d) and (Y , δ) be symmetric spaces. Then X × Y is symmetric if (a), (b), or (c) below holds.
(a) X and Y are semi-metric.
(b) X or Y is locally compact.
(c) Each point of X and Y has a nbd which has a countable k-network of compact sets.
Proof. For (a), routinely X × Y is semi-metric, hence symmetric. For (b), X × Y is symmetric by [21, Corollary 4.4]. For (c),
each point of X × Y has a nbd W which is a k-space by [24, Lemmas 2.4 and 2.5]. Besides, since W is cosmic, its compact
subsets are metric. Thus W is sequential. Then, X × Y has an open cover V by sequential spaces.
Now, for every p = (x, y) and q = (x′, y′) ∈ X × Y , deﬁne ρ(p,q) = d(x, x′) + δ(y, y′). Then (X × Y ,ρ) is symmetric.
Indeed, it suﬃces to see that G ⊂ X × Y is open if (∗) for each p ∈ G , some Sn(p) ⊂ G . To see this, let C be any convergent
sequence in X × Y . Then, for convergent sequences K in X and L in Y with K × L ⊃ C , by Fact A(1) and (3), d|K is semi-
metric in K and so is δ|L in L. Thus ρ|(K × L) is semi-metric in K × L. Then ρ|C is semi-metric in C for any convergent
sequence C in X × Y . On the other hand, each V ∈ V is sequential, thus V has a determining cover by convergent sequences
in X × Y . Thus, by (∗), it is routinely shown that G ∩ V is open in V for each V ∈ V . Then G is open in X × Y . 
A cover A of X is respectively point-countable (respectively compact-countable) if each point (respectively compact set)
in X meets at most countably many elements of A. A space X is meta-Lindelöf if each open cover of X has a point-countable
open reﬁnement.
Let T be the topological sum of {Ln: n = 0,1,2, . . .}, where the sets Ln are the convergent sequence {1/n: n ∈ N} ∪ {0}.
The Arens’ space S2 is the quotient space obtained from T by identifying each 1/n ∈ L0 with the limit 0 ∈ Ln (n  1). The
space S2 is symmetric.
Lemma 1.2. Let X be a symmetric space. Suppose that (i) each point of X is a Gδ-set; (ii) X has a point-countable k-network; or
(iii) X is meta-Lindelöf ; otherwise, (iv) (CH) (i.e., the Continuum Hypothesis) holds. Then the following are equivalent. For (i) and (ii),
(b) ⇔ (c) holds under X being sequential.
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(b) X is Fréchet.
(c) X contains no closed copy of S2 .
Proof. (a) ⇒ (c) is obvious. (b) ⇒ (a) holds by Fact A(3). So, we show that (c) ⇒ (b) holds. For (i), this implication holds
by [8, Lemma 6.11], and it remains valid under X being sequential by [25, Theorem 2.3]. For (ii), the application also holds
under X being sequential by [10, Corollary 2.13]. For (iii) and (iv), suppose X is not Fréchet at some point x ∈ X , hence,
for some A ⊂ X with x ∈ A − A, no sequence in A converges to the point x. Let B =⋃{C : C ⊂ A with C countable}. Then
A ⊂ B . Also, any convergent sequence in B has a limit point in B; thus B is closed in X by Fact A(2). Then A ⊂ B . Hence, for
some countable subset C of A, C is not Fréchet at the point x. For (iii), the separable space C is meta-Lindelöf, hence it is
Lindelöf. Since C is symmetric by Fact A(1), C is hereditarily Lindelöf by [16, Theorem 22]. Thus each point of C is a Gδ-set
in C . For (iv), under (CH), each point of the separable symmetric space C is also a Gδ-set by [20, Corollary 11]. Hence, as
in (i), C contains a closed copy of S2, and then so does X , a contradiction. Thus, (c) ⇒ (b) holds for (iii) and (iv). 
Lemma 1.3. Let (X,d) be a symmetric space. If X × S2 is symmetric, then some Sn(x) is compact for each x ∈ X.
Proof. For some p ∈ X , suppose that any Sn(p) is not compact. Since X is symmetric, any Sn(p) is not countably compact
by Facts A(1) and B. Thus, for each n ∈ N , there exists an inﬁnite closed discrete set Dn = {xni: i ∈ N} ⊂ Sn(p) such that
p /∈ Dn , and Dm ∩ Dn = ∅ (m = n). Let F =⋃{Dn: n ∈ N} ∪ {p}, and let S2 =⋃{Ln: n ∈ N} ∪ L0, where Ln ∩ L0 = ∅. Let
Ln = {yni: i ∈ N} for each n ∈ N . Let A = {(xni, yni): n, i ∈ N}. Then (p,0) ∈ A − A. Thus A is not closed in F × S2. Since F
is closed in X, then F × S2 is symmetric by Fact A(1). Thus, there exists an inﬁnite sequence L in A converging to a point
x /∈ A. But, any convergent sequence in S2 − L0 meets only ﬁnitely many Ln , and the sets Dn are closed discrete in X . Then
the convergent sequence L is eventually constant, thus x ∈ A. This is a contradiction. 
The following lemma holds in view of the proof of [6, Proposition 2.1].
Lemma 1.4. Let P be a point-countable cover of X such that {⋃F : F ⊂ P is ﬁnite} is a determining cover of X . Let {An: n ∈ N} be
a decreasing sequence such that if xn ∈ An, the sequence {xn: n ∈ N} has an accumulation point in X. Then An ⊂⋃F for some An
and some ﬁnite F ⊂ P .
Lemma 1.5. Let (X,d) be a symmetric space. Let P be a point-countable k-network for X which is closed under ﬁnite intersections.
Then the following are equivalent.
(a) P∗ = {P ∈ P: P is compact} is a k-network for X.
(b) For each x ∈ X, some Sn(x) is compact.
Proof. (a) ⇒ (b) Since X is symmetric and P∗ is a k-network for X , {⋃F : F ⊂ P∗ is ﬁnite} is a determining cover of X ,
because each convergent sequence in X is contained some element of this cover. Also, P∗ is point-countable. Thus, by
Lemma 1.4 with Fact A(2), some Sn(x) ⊂⋃F for some ﬁnite F ⊂ P∗ . Thus Sn(x) is compact.
(b) ⇒ (a) To show the cover P∗ is a k-network for X , let K ⊂ U with K compact and U open in X . First, we show that
the following condition holds.
(∗) If Lx is a sequence converging to a point x ∈ U , there exists a ﬁnite F ⊂ P∗ such that ⋃F ⊂ U and ⋃F contains Lx
eventually.
To see (∗), let Px = {⋃F : F ⊂ P is ﬁnite such that ⋃F contains x and Lx eventually, and Lx ∩ F = ∅ for any F ∈ F}.
Since P is point-countable, Px is countable, so let Px = {An: n ∈ N}. For each n ∈ N , let Bn =⋂{Ak: k  n}. Then each Bn
contains Lx eventually. Since P is a k-network and Lx is a sequence converging to the point x, each nbd of x contains
some Bn . Thus, for pn ∈ Bn , the sequence {pn} converges to x. Next, by (b) one may choose some Sn(x) ⊂ U with Sn(x)
compact. Note that some Bm ⊂ Sn(x), because any sequence converging to the point x is eventually contained in Sn(x) by
Fact A(2). But, Bm can be expressed as a ﬁnite union of subsets which are ﬁnite intersections of elements in P . Since P is
closed under ﬁnite intersections, then Bm is a ﬁnite union of elements of P . But, Bm ⊂ Sn(x) ⊂ U with Sn(x) compact. This
shows that (∗) holds.
Now, let P∗U = {P ∈ P∗: P ⊂ U }. Since X is symmetric, then so is the open set U of X by Fact A(1). Thus, condition (∗)
implies that U has a determining cover C∗U = {
⋃F : F ⊂ P∗U is ﬁnite}. Since P∗U is point-countable, by Lemma 1.4, the
compact set K is contained in some element of C∗U . Hence, K ⊂ C∗U ⊂ U , where C∗U is a ﬁnite union of elements of P∗ . This
shows that P∗ is a k-network for X . 
Let X be a space. For each x ∈ X , let Tx be a collection of subsets of X such that any element of Tx contains x, and for
each T1, T2 ∈ Tx , there exists T3 ∈ Tx with T3 ⊂ T1 ∩ T2. Then TC =⋃{Tx: x ∈ X} is a weak base [1] if, U ⊂ X is open in X
iff for each x ∈ U , there exists V (x) ∈ Tx with V (x) ⊂ U . A member of Tx is a weak nbd of x.
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that each Tx is countable.
Symmetric space is g-ﬁrst countable. g-ﬁrst countable space is sequential. A space X is g-ﬁrst countable if and only if X
is o-metrizable; that is, (X,d) is symmetric, but the symmetry of d is not required; see [16].
In the following lemma, (1), (2) is respectively due to [26, Corollary 1.5], [11, Lemma 7].
Lemma 1.6.
(1) For a sequential space, every point-countable cs∗-network is a k-network.
(2) A space has a point-countable weak base if and only if it is a g-ﬁrst countable space with a point-countable cs-network.
Let Sω1 be the quotient space obtained from the topological sum of ω1 convergent sequences by identifying all the limit
points to a single point.
Lemma 1.7. Let (X,d) be a symmetric space such that some Sn(x) is compact for each x ∈ X. Suppose that (i) X has a point-countable
cs-network, or (ii) X has a compact-countable cs∗-network. Then, for each x ∈ X, some nbd of x has a countable k-network of compact
sets.
Proof. Since X is sequential, by Lemma 1.6(1), the point-countable cs∗-network in case (i) or (ii) is a k-network. Thus, by
Lemma 1.5, X has a point-countable k-network consisting of sets with compact closures. Then, by [18, Lemma 2.4], each
point of X has a nbd which is σ -compact if the following property holds.
(∗) X contains no closed set T which admits a perfect map f onto the space Sω1 .
To show (∗), suppose that X contains the closed set T in (∗). Since T is closed in X , (T ,d|T ) is symmetric by Fact A(1).
For case (i), T has a point-countable cs-network. Then, by Lemma 1.6(2), T has a point-countable weak base TC =⋃{Tx:
x ∈ T }. Let Sω1 =
⋃{Lα: α < ω1} ∪ {∞} (here, Lα are disjoint sequences converging to ∞ /∈ Lα ). Let F = f −1(∞). Then F
is separable metric by Fact B, because (F ,d|F ) is compact symmetric. Let Tx = {Tn(x): n ∈ N} for each x ∈ T . Let us recall
a basic Fact () which is same as Fact A(2), but replace “Sn(x)” by “Tn(x)”. Then, since F is ﬁrst countable, for any x ∈ F
and n ∈ N , intF (Tn(x) ∩ F ) is a nbd of x in F . Let B =⋃{Tx: x ∈ F } ⊂ TC . Let D be a countable dense subset of F . Then
any element of B meets D . Thus B is countable, because D is countable and B is point-countable. On the other hand,
for any subsequence L∗α of Lα (α < ω1), f −1(L∗α) contains a sequence converging to a point in F , because f −1(L∗α) is not
closed in T and T is symmetric. Hence, by Fact (), it is routine that { f (B): B ∈ B} ∪ {{p}: p ∈ Sω1 } is a point-countable
cs∗-network for Sω1 . But, Sω1 does not have any point-countable cs∗-network by [26, Lemma 2.4]. This is a contradiction.
Then property (∗) holds. For case (ii), let P be a compact-countable cs∗-network for T . Let P ′ = {P ∈ P: P ∩ F = ∅}. Since
F is compact, similarly { f (P ): P ∈ P ′} ∪ {{p}: p ∈ Sω1 } is a point-countable cs∗-network for Sω1 , a contradiction. Then
property (∗) also holds for case (ii).
Consequently, each point x of X has a nbd V (x) which is σ -compact. For case (i), V (x) is cosmic by Fact B. Then,
since V (x) has a point-countable cs-network, V (x) is an ℵ0-space by [12, Theorem 7(2)]. For case (ii), X has a compact-
countable k-network by Lemma 1.6(1). Thus the σ -compact set V (x) is also an ℵ0-space. While, for each point p ∈ V (x),
some Sn(p) ⊂ V (x) is compact. Hence, by Lemma 1.5, V (x) has a countable k-network of compact sets. That completes the
proof. 
2. Results
Theorem 2.1. Let X be a symmetric space. Suppose that (i) each point of X is a Gδ-set; (ii) X has a point-countable k-network; or
(iii) X is meta-Lindelöf ; otherwise, (iv) (CH) holds. Let (Y ,ρ) be a symmetric space. If X × Y is symmetric, then X is semi-metric, or
some Sn(y) is compact for each y ∈ Y .
Proof. If X is Fréchet, then X is semi-metric by Fact A(3). If X is not Fréchet, then X contains a closed copy of S2 by
Lemma 1.2. Since S2 × Y is closed in X × Y , it is symmetric by Fact A(1). Thus, for each y ∈ Y , some Sn(y) is compact by
Lemma 1.3. 
A cover A is star-countable if each A ∈ A meets at most countably many elements of A. Every star-countable k-network
is a compact-countable k-network [13].
A space is ω1-compact if any uncountable subset has an accumulation point. Every Lindelöf space is ω1-compact. A space
is locally σ -compact (respectively locallyω1-compact) if each point has a nbd which is σ -compact (respectively ω1-compact).
Corollary 2.2. Let (X,d) be a symmetric space with a compact-countable k-network (in particular, star-countable k-network). Then
X2 is symmetric if and only if (a) or (b) below holds. In (b), it is possible to replace “locally σ -compact” by “locally ω1-compact”.
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(b) X is locally σ -compact, and some Sn(x) is compact for each x ∈ X.
Proof. For the “if part”, assume that (b) holds. Since X is locally σ -compact, each point x ∈ X has a nbd V (x) which is an
ℵ0-space. Then, by Lemma 1.5, V (x) has a countable k-network of compact sets. Hence, the “if part” holds by Lemma 1.1.
For the “only if part”, assume that (a) does not hold. Then, by Theorem 2.1, some Sn(x) is compact for each x ∈ X . To see
X is locally σ -compact, suppose that X contains the closed set T in (∗) of Lemma 1.7. Then (Sω1 )2 is the perfect image
of T 2. But, (Sω1 )
2 is not a k-space by [4, Lemma 5]. Thus T 2 is not a k-space, hence is not symmetric. Then, X2 is not
symmetric by Fact A(1). This is a contradiction. Thus, X is locally σ -compact in view of the proof of Lemma 1.7. Hence (b)
holds. In (b), let X be locally ω1-compact. We note that any ω1-compact set in Sω1 (=
⋃{Lα: α < ω1} ∪ {∞}) meets only
countably many Lα . While, Sω1 is the perfect image of T , and T is locally ω1-compact. Hence, some nbd of ∞ in Sω1 meets
only countably many Lα . This is a contradiction. Thus X is locally σ -compact. 
Theorem 2.3. Let (X,d) and (Y ,ρ) be symmetric spaces. Suppose that X has a point-countable cs-network or a compact-countable
cs∗-network, and so does Y . Then X × Y is symmetric if and only if the following (a), (b), or (c) holds.
(a) X and Y are semi-metric.
(b) X or Y is locally compact semi-metric.
(c) For each (x, y) ∈ X × Y , some Sn(x) and Sn(y) are compact.
Proof. The “if” part holds by Lemmas 1.1 and 1.7. For the “only if” part, by Lemma 1.6(1), X and Y have a point-countable
k-network. Thus, the “only if” part holds by means of Theorem 2.1. 
In Theorem 2.1, the converse of the result need not hold even if X = Y , under properties (i), (ii), and (iii). The “if”
part in Corollary 2.2, the local σ -compactness of X is essential. Also, in Theorem 2.3, it is impossible to weaken “point-
countable cs-network” (respectively “compact-countable cs∗-network”) to “point-countable closed cs∗-network” (respectively
“compact-countable k-network”). Indeed, we have the following example.
Example 2.4. There exists a symmetric space (X,d) which is a paracompact σ -space satisfying (i), (ii), and (iii) below, but
X2 is not symmetric (not even a k-space).
(i) All Sn(x) are compact.
(ii) X has a point-countable closed cs∗ (and k)-network of compact metric sets.
(iii) X has a star-countable and compact-countable k-network of separable metric sets.
Proof. Let K be an uncountable compact metric space. For each α < ω1, let Lα = {xαn: n ∈ N} be a sequence converging
to xα ∈ K such that the Lα are disjoint with Lα ∩ K = ∅, and the xα are distinct. Let X be a space whose topology is
determined by a point-ﬁnite cover {K , Lα: α < ω1} by compact metric sets. Then X has a countable cover {K , Dn: n ∈ N}
by closed metric sets, where Dn = {xαn: α < ω1}. Thus X is a paracompact σ -space. Now, for (i), (X,d) is a symmetric
space such that d(x, y) = d(p, x) = 1 if x ∈ Lα , y ∈ Lα′ with α = α′ , and p ∈ K with p = xα . Then all Sn(x) are compact.
For (ii) or (iii), let B be a countable base in K . Let P1 = B ∪ {Lαn, {xαn}: α < ω1, n ∈ N}, where Lαn = {xαm: m  n}. Let
P2 = {P : P ∈ P1}. Any compact set in X meets only ﬁnitely many Lα . Thus, P1 is a star-countable and compact-countable
k-network of separable metric sets, and P2 is a point-countable closed k-network (hence, cs∗-network) of compact metric
sets. Finally, X2 is not symmetric by Corollary 2.2, because X is neither ﬁrst countable nor locally σ -compact. 
Corollary 2.5. Let (X,d) and (Y ,ρ) be symmetric spaces. Suppose that (i) or (ii) below holds, and so does Y . Then X × Y is symmetric
if and only if property (a), (b), or (c) in Theorem 2.3 holds.
(i) X has a point-countable cover {Snx (x): x ∈ X}, where nx is an integer for each x ∈ X.
(ii) X has a σ -locally countable k-network, in particular, X is an ℵ-space (equivalently, X has a σ -hereditarily closure-preserving
k-network).
Proof. The corollary holds by Theorem 2.3. Indeed, for (i), X has a point-countable cs-network {Sn(x): x ∈ X, n  nx} by
Fact A(2). For (ii), we can assume that the k-network is a closed cover. Thus, X has a compact-countable cs∗-network. For
the parenthetic part, note that every g-ﬁrst countable space with a σ -hereditarily closure-preserving k-network is precisely
a symmetric ℵ-space; see [27, Theorem B]. 
The following theorem holds by Theorem 2.1 and Lemma 1.1. The result for case (i) or (iii) is shown in [23].
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is symmetric if and only if X is semi-metric or Y is locally compact.
Corollary 2.7. Let Xω be symmetric. Then X is semi-metric if X has one of properties (i)–(iv) in Theorem 2.1.
Proof. If X is countably compact, X is metric by Fact B. Then, we assume that X is not countably compact. Thus X contains
a closed copy of N . Hence, Xω contains a closed copy of X × Nω . Then X × Nω is symmetric, but Nω is a metric space
which is not locally compact. Hence, X is semi-metric by Theorem 2.6. 
Related to Corollary 2.7, in [14], we posed a question of whether X is semi-metric (equivalently, ﬁrst countable) if Xω is
symmetric.
Finally, let us consider products of g-ﬁrst countable spaces. We note that a space X is locally countably compact g-ﬁrst
countable if and only if X × Y is g-ﬁrst countable for every g-ﬁrst countable space Y [22]. Theorem 2.8 below analogous to
Theorem 2.3 would hold, and so would Theorem 2.9 analogous to Theorem 2.6. Their corollaries analogous to Corollary 2.2,
2.5, or 2.7, and Example 2.4 for g-ﬁrst countable spaces also would hold. Indeed, these would hold by a review of the proofs
in this paper, but we use the analogue of Fact A for g-ﬁrst countable spaces, and the fact that every countably compact
sequential space with a point-countable k-network is metric; see [27, Theorem J(3)].
Theorem 2.8. Let X and Y be g-ﬁrst countable spaces. Suppose that X has a point-countable cs-network or a compact-countable
cs∗-network, and so does Y . Then X × Y is g-ﬁrst countable if and only if the following (a), (b), or (c) holds.
(a) X and Y are ﬁrst countable.
(b) X or Y is locally compact ﬁrst countable.
(c) For each (x, y) ∈ X × Y , some V (x) and V (y) are compact, where V (x) is a weak nbd of x, and so is V (y) of y.
Theorem 2.9. Let X be a g-ﬁrst countable space. Suppose that each point of X is a Gδ-set, or X has a point-countable k-network. Let Y
be ﬁrst countable. Then X × Y is g-ﬁrst countable if and only if X is ﬁrst countable or Y is locally countably compact.
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